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Abstract

The steady laminar flow and heat transfer characteristics of a continuously moving vertical sheet of extruded ma-
terial are studied close to and far downstream from the extrusion slot. Uniform or non-uniform suction/injection is
allowed at the surface. The velocity and temperature variations, obtained by a finite-volume method, are used to map
out the entire forced, mixed and natural convection regimes. The effects of the Prandtl number (Pr), the buoyancy force
parameter (B) and the suction/injection parameter (D) on the friction and heat transfer coefficients are investigated.
Comparisons of results with local-similarity method and finite-difference solutions of the boundary layer equations and
with exact analytic solutions for asymptotic suction flows show an excellent agreement. The region close to the ex-
trusion slot is characterized as a diffusion dominated region in which Nu,Re;'/> drops sharply with increasing Rich-
ardson number (Ri,). This is followed by a forced-convection dominated region in which Nu,Re;'/? levels off with
increasing Ri, until the buoyancy effect sets in. A mixed convection region where increasing buoyancy effect enhances
the heat transfer rate follows. Finally, this region is followed downstream by a natural-convection dominated region in
which Nu,Re;!/? approaches asymptotically the pure natural convection results. For the case of uniform suction and far
downstream from the slot, the boundary layer thickness becomes constant and the heat transfer rate approaches a
constant asymptotic suction value independent of the heat convection mode. Critical values of Ri, to distinguish the
various convection regimes are determined for different Pr, B and D.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

The problem considered in this paper is that of the
effects of suction and injection on the laminar mixed-
convection heat transfer along a continuously moving
plate. The plate emerges vertically upward from an ex-
trusion slot and is held at a constant temperature greater
than the temperature of the ambient fluid. Both cases of
uniform and non-uniform suction/injection are consid-
ered. The flow field is induced by the viscous action of
the moving plate, suction/injection at the surface, and
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thermal buoyancy; the region close to the slot is also
influenced by the extrusion die wall. The resulting con-
vection regimes are determined by the relative effect of
the buoyancy forces on the heat transfer rate compared
to the effect of the viscous and inertia forces.

Thermal transport from a continuously moving he-
ated plate through an otherwise quiescent fluid has
many applications in manufacturing processes such as
hot rolling, metal and plastic extrusion, continuous
casting, and glass fiber and paper production. Knowl-
edge of the flow and thermal fields adjacent to the
moving plate is necessary for determining the quality of
the final products of these processes, Karwe and Jaluria
[1,2]. This physical situation is different from that of the
classical boundary-layer flow over a stationary flat plate
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Nomenclature

B buoyancy force parameter=Gr./Rel =
(T, — To)v/u

cp specific heat at constant pressure

Cix local skin-friction coefficient = 7, /0.5p12,

D suction or injection parameter = vy, /uy

Drp suction or injection parameter = (vyx/v)
R 8;1 /2

Dy suction or injection parameter = (vyx/

3v)(Gr/4)
g gravitational acceleration
Gr, local Grashof number = gB(T,, — Ti, )x* /2
hy local heat-transfer coefficient
k thermal conductivity of fluid
L domain length

Nu, local Nusselt number = A,x/k

P pressure

P dimensionless pressure = (p — p,,)/pu?

Pr Prandtl number =v/a

qx local heat flux

Re, local Reynolds number = uyx/v

Ri, local Richardson number = Gr, /Reﬁ =
gB(Ty — To)x/u,

St, local Stanton number = Nu,/(Re Pr) =
hx/ (p chP)
temperature

u velocity component in x-direction

Uy plate velocity

dimensionless velocity component = u/uy

v velocity component in y-direction

Uy suction or injection velocity

14 dimensionless velocity component = v/uy

X coordinate along direction of surface
motion

X dimensionless coordinate =x/L

y coordinate along direction normal to sur-
face motion

Y dimensionless coordinate =y/L

Greek symbols

o thermal diffusivity

p volumetric thermal expansion coefficient

0 dimensionless temperature = (7 — 7T, )/
(TW - Too)

v kinematic viscosity

o density

Twx local shear stress

Subscripts

c critical conditions

e pertains to entrained velocity

F forced convection

N natural convection

w condition at plate surface

00 condition at ambient medium

(Blasius flow) because of fluid entrainment toward the
moving surface. Sakiadis [3,4] was the first to recognize
this backward boundary-layer situation and used a
similarity transformation to obtain a numerical solution
for the flow field of a continuously moving surface.

Since the pioneering work of Sakiadis, many authors
have analyzed the hydrodynamic and thermal charac-
teristics of such a class of boundary layer problems for
various conditions. Tsou et al. [5] reported, analytically
and experimentally, the flow and thermal fields developed
by a continuously moving surface and showed that this
flow is physically realizable under laboratory conditions.
Stretched surfaces with different velocity and temperature
conditions at the surface were studied in [6-9].

Suction or injection of fluid through the surface, as in
mass transfer cooling, can significantly change the flow
field and affect the heat transfer rate from the plate.
Suction or injection through a stretched surface was
introduced by Erickson et al. [10] and Fox et al. [11] for
a uniform surface velocity and temperature, and by
Gupta and Gupta [12] and Chen and Char [13] for a
linearly varying surface velocity. Power-law velocity and
temperature distributions at the surface were studied by

Ali [14]. Tt is noted that the suction or injection velocity
must vary along the surface in a power law form if
similarity solutions are to be obtained. In general, suc-
tion increases the skin-friction and heat-transfer coeffi-
cients, whereas injection acts in the opposite manner.
The buoyancy forces resulting from the temperature
differences in the fluid can be important if the velocity of
the moving surface is relatively low and the temperature
difference between the surface and the fluid is large. This
can affect significantly the velocity and temperature
distributions and, hence, the heat transfer rate from the
surface. Neglecting the effect of buoyancy in such situ-
ations can, therefore, produce unrealistic results. Buoy-
ancy effects in boundary layers on continuously moving
surfaces through an otherwise quiescent fluid have been
studied in [15,16] for horizontal surfaces, in [17-19] for
vertical surfaces, and in [20-22] for vertical and inclined
surfaces. In the presence of buoyancy forces, similarity
solutions do not exist except for a restricted power-law
surface velocity and temperature distributions. Mixed
convection correlations for continuously moving sheets
were reviewed by Chen and Armaly [23]. They reported
extensive correlations for horizontal, inclined and ver-
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tical moving sheets and for both the uniform wall tem-
perature and uniform heat flux boundary conditions.
The heat transfer rate was found to increase for the
buoyancy-assisting situation and to decrease for the
buoyancy-opposing situation.

In almost all the papers cited earlier, the studies
concentrated on the boundary layer far away from the
extrusion slot where the boundary layer approximations
are valid and, hence, similarity and/or local-similarity
method solutions may be used. However, the flow and
heat transfer characteristics are also important close to
the slot where both the friction and heat transfer coef-
ficients attain their largest values. A finite-difference
formulation using the full (elliptic) governing equations
including buoyancy effects was employed by Karwe and
Jaluria [1,2], and Kang and Jaluria [24]. The effect of
buoyancy was found to be more prominent when the
plate moves vertically upward than when it moves hor-
izontally. It was also found that the elliptic effects are
important near the extrusion slot and decay down-
stream. In these papers, suction or injection through the
plate was not considered.

In a recent study, Al-Sanea and Ali [25] investigated
the effects of the extrusion die wall and of suction and
injection at the moving surface on the friction and heat-
transfer coefficient distributions with emphasis on the
region close to the extrusion slot using the full elliptic
equations. Critical Reynolds numbers to distinguish
between the non-similar and self-similar regions were
also determined. However, the buoyancy effects were not
accounted for and, hence, only the pure forced convec-
tion regime was analyzed. Accounting for the buoyancy
effects but by treating the surface to be impermeable, Al-

Sanea [26] analyzed the entire mixed convection regime
for a continuously moving heated vertical plate. Re-
gimes of forced, mixed and natural convection have
been mapped as a function of Reynolds and Grashof
numbers.

In summary, studies on mixed convection heat
transfer along a moving plate with suction or injection
are scarce and are limited in the physical sense of em-
ploying power law variations of transpiration velocity
for which local similarity solutions are possible as were
used in [18,19]. Besides, the boundary layer assumptions
employed are not valid in the elliptic region that exists
close to the extrusion slot.

The present study, therefore, extends the work in [26]
and examines the combined effects of buoyancy and
surface mass transfer on the flow and thermal charac-
teristics along a continuously moving heated vertical
plate. Emphasis is given to the region close to the ex-
trusion slot as well as the entire mixed convection re-
gion. Another objective is to determine the critical
values of Richardson number (Ri, ) in order to delineate
the forced, mixed and natural convection regimes for
different values of the Prandtl number (Pr), the buoy-
ancy force parameter (B) and the suction/injection pa-
rameter (D).

2. Mathematical formulation and calculation procedure

2.1. Basic assumptions and governing equations

Fig. 1 shows a continuously moving heated verti-
cal plate emerging from a slot at a velocity u, and a

y, Vv
A
u=0, v=v,, T=Tw ou/ox=0
ov/ox=0
0T/ ox=0
u=0
v=0 g
Extrusion T=To
die

Extrusion slot

v
x
=

Continuously moving plate

Fig. 1. A schematic showing the physical situation and boundary conditions of a continuously moving plate.
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temperature T, in an otherwise quiescent fluid at tem-
perature 7,,. The gravitational body force is oriented in
the negative x direction. Suction or injection is allowed
through the plate. The induced motion of the fluid is
assumed to be laminar, steady, and two-dimensional
with thermally active incompressible viscous fluid with
constant properties. Further simplification is made
through the use of the Boussinesq approximation.
Subject to these assumptions, the full elliptic governing
equations can be written as:

oUu oV
42 =0 1
ox v (M)
i(UZ)_'_i(UV)_L 62_U+62_U
X oY Re, \ 0X2 ' 9y2
aP G}"L
=—— 4L 2
8X+R62L @)
d o, L, 1 [V Y oP
&(UV)+5(V)’E(W+W>_’W 3)
0 0 1 0’6 O
a*xw@”a?(m)*zeem(@*ﬁ)zo @)

The length, velocity, temperature and pressure scales
selected to normalize the equations are L, uy, (T — Ts)
and pu?, respectively. The above set of equations can be
represented by a single equation of the form:

0 0 Iy (¢ ¢
G_X(U¢)+6_Y(V¢)_R_q(67+m)_s‘” (5)
where ¢ is the general variable and stands for 1, U, V
and @ in Eqgs. (1)—(4), respectively; I is a dimensionless
exchange coefficient whose values are 0, 1, 1 and 1/Pr in
the above equations, respectively; and S, is a source
term that represents the right-hand-side of the equa-
tions. This general form of transport equation facilitates
the use of the same solution procedure for all equations.

2.2. Boundary conditions

With reference to Fig. 1, where the plate is drawn
vertically upward from the slot at x = 0, the following
boundary conditions are applied.

2.2.1. Plate surface
The plate is porous and continuously moving at
which

u=u,, v=v, and T =T, (6)

where u,, and T, are constants. The transpired velocity
vy, 18 given by

vy = Duy, (7a)

where D is a dimensionless suction/injection parameter.
This parameter is used for specifying uniform suction/
injection through the plate, i.e. for uniform v,. Positive
or negative D implies injection or suction, respectively.
For non-uniform suction/injection, vy is given by

vw = DpvRe!? /x (7b)
or
vy = 3D3v(Gr/4) ' )x (7¢)

where D and Dy are dimensionless suction/injection
parameters used for forced and natural convection, re-
spectively. The normal velocity at the surface v, must
vary along the plate as x~!/? according to Eq. (7b) to
obtain similarity solutions for pure forced convection,
Fox et al. [11]. For pure natural convection, v, must
vary as x~'/* accordingly to Eq. (7c) for similarity so-
lutions to exist, Kays and Crawford [27]. Fortunately, in
the present numerical model, there is no restriction to
use either specification and whatever distribution of
transpired velocity, as required by the practical situa-
tion, can be accommodated. Therefore, the distributions
given by Eqgs. (7b) and (7c) are used only to facilitate
comparisons with solutions based on the similarity ap-
proach. For the more practical case of uniform suction
or injection, Eq. (7a) is used throughout for which
similarity solutions do not exist.

2.2.2. Extrusion die wall

The surface of the extrusion die, with the exception
of the slot, represents an impervious and stationary wall
at which

u=0, v=0 and T=T, (8)

It was shown in [25,26] that this side wall has an effect in
creating a flow re-circulation region outside the bound-
ary layer as a result of fluid entrainment toward the
moving plate. Therefore, the region close to the extru-
sion slot is strictly elliptic and the boundary layer ap-
proximations cannot be applied.

2.2.3. Free stream
The free stream boundary is located far away from
the moving plate, therefore

u=0, v=v, T=T, and p=p, 9)

This boundary is allowed to entrain fluid at velocity v,
and temperature 7,,. The velocity v, is not known be-
forehand and is determined iteratively by the calcula-
tions. Its value depends upon the mass flow rate drawn
outside the calculation domain by the viscous action of
the moving plate and the mass flow rate due to suction
or injection through the plate.
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2.2.4. Outlet

The following conditions are applied at the outlet
boundary:
Ou ov or
—=0. —=0. —=0 d = 10
-0 50 % and  p=px (10)
These approximate fully developed conditions and are
quite adequate in the parabolic dominated flow region
especially when the outlet is ensured to be located far
downstream from the extrusion slot.

2.3. Numerical solution procedure

The numerical model uses a control-volume finite-
difference method for discretizing the governing partial-
differential equations, Eqs. (1)—(4), and is essentially the
same as that used in [25,26]. The pressure field and ve-
locities are determined via the well-known SIMPLE al-
gorithm of Patankar and Spalding [28], with a slight
difference in the way the finite-volume equations are
solved. The 2/E/FIX computer program of Pun and
Spalding [29] was modified and used to solve the present
problem. The finite-volume equations are handled by
this code on a line-by-line manner. Al-Sanea et al. [30]
described and applied the line-by-line procedure in
computing re-circulating flows with heat transfer. The
scheme was found particularly beneficial for flows where
relatively large parabolic or nearly parabolic regions
exist along side the elliptic flow regions. The present
moving plate problem with surface mass transfer falls
into such a category where elliptic effects are dominant
in the region close to the extrusion slot while far enough
downstream the flow is predominantly parabolic.

The numerical results are checked to be substantially
grid independent. This is achieved by obtaining solu-
tions with an increasing number of grid nodes until a
stage is reached where the solution exhibits negligible
change with further increase in the number of nodes.
The boundary layer thickness increases with distance
downstream from the slot and is influenced by Rey, Pr, B
and D. Therefore, the locations of the free stream and
outlet boundaries are checked by numerical experiments
to be far enough not to influence the results in the region
of interest. For example, the free stream boundary
would be located at a distance of about 10% L which is
greater than twice the maximum thickness of the
boundary layer present at the very end of the plate for
Re, =10, Pr=1,B=10"%2 and D = 0.

A non-uniform finite-volume grid is used with nodes
closely spaced in regions with steep variation of flow
properties; namely, near to the extrusion slot and the
plate. A grid size of 100x50 nodes in the x- and y-
directions, respectively, is normally employed. The grid
step sizes, Ax and Ay, increase in the x- and y-directions
with expansion factors of about 1.1 and 1.2, respec-
tively.

Converged solutions are achieved when the changes
in all variables, for all nodes, produced in successive
iterations diminish and when the sums of the residual
errors in the finite-volume equations are reduced to a
small value. Typical converged results are obtained after
about 700 iterations starting from uniform initial fields;
a near optimum relaxation factor in the range 0.2-0.5 is
applied for the variables. Considerably larger number of
iterations is needed for the pure natural convection
calculations and for those physical situations dominated
by natural convection. The calculations require about
1x107% s of CPU time per iteration for each variable for
each grid node on a 700-megahertz Intel Pentium III
microcomputer.

3. Results and discussion

The heat transfer and friction characteristics are in-
vestigated for different Prandtl numbers (0.1 < Pr < 10).
Only buoyancy-assisting flows are considered and a wide
range of the buoyancy force parameter is covered
(10~* < B 1). The suction/injection parameter is varied
over the range (—0.10 < D <0.05).

3.1. Numerical model validation

The forced convection problem was studied in detail
in both the non-similar and self-similar regions by Al-
Sanea and Ali [25], in which the numerical model was
validated against the similarity method solutions and
previously published data. The entire forced, mixed and
natural convection regions were analyzed by Al-Sanea
[26], in which comparisons with published experimental
measurements and solutions by others in the pure forced
and pure natural convection regions were made. In the
mixed convection region, the numerical results were
compared with finite difference solutions of the bound-
ary layer equations showing excellent agreement. In the
present study, further validation is carried out since the
model is extended to deal with both buoyancy effects in
the flow and mass transfer at the surface.

Fig. 2 depicts the variation of Nu,Re /> with the
dimensionless distance along the plate in terms of
the local Richardson number (Ri,). The figure shows
comparisons between the present finite-volume elliptic
solutions and the boundary layer solutions of Ali and
Al-Yousef [18] by using the fourth-order Runge-Kutta
method for Pr = 0.72 and Dy = —0.6, 0 and 0.6. Com-
parison is also made with the finite-difference solutions
of the boundary layer equations by Moutsoglou and
Chen [20] for D = 0 (no suction or injection) that ex-
tend over a small range in the mixed convection region.
The current results are presented for B = 1074; however,
for Dp = —0.6, results are also presented for B = 1073
and 1072 in order to investigate the effect of B. The
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Fig. 2. Nusselt number variation with Richardson number
showing comparison with boundary layer solutions [18,20] for
Pr=0.72 and different B and Df; non-uniform suction/injec-
tion.

parameter Dy, defined by Eq. (7b) for non-uniform
suction or injection, is used in [18] to obtain local sim-
ilarity solutions for the mixed convection problem.

At low Ri, (close to the extrusion slot), where the
stream-wise diffusion is important and the full Navier—
Stokes equations need to be solved, the present predic-
tions show a sharp decrease in Nu,Re; /> with increasing
Ri,. On the other hand, the boundary layer solutions do
not give this behavior but lead asymptotically to the
corresponding pure forced convection values as Ri, — 0
[25]. It is noted that the curves for D = —0.6 and dif-
ferent values of B meet and collapse onto a single line, as
the stream-wise diffusion diminishes with increasing Ri,,
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and both the elliptic and boundary layer solutions give
practically the same results. This single line approaches
asymptotically the pure natural convection results at
large Ri, as will be seen later. The figure also reveals that
the heat transfer rate increases with B and suction and
decreases with injection. The agreement between the
present predictions and those reported in [18,20] is ex-
cellent.

The numerical model is also validated under pure
natural convection conditions. This is affected by setting
uy, = 0 in which the external inertia forces vanish and
the flow would be driven only by buoyancy forces and
mass transfer through the stationary plate. It is em-
phasized that the suction/injection parameter is now Dy
as defined by Eq. (7c) and is used to obtain similarity
solutions for the purpose of comparison. Under these
conditions, the local Nusselt number is a function of Pr,
Dy and Gr,. Fig. 3(a) depicts the variation of Nu,Gr_'/*
with Gr, for Pr = 0.73 and different Dy. At large Gr, and
for a given Pr, Nu,Gr['/* is a function of Dy only. This is
true in the self-similar region where the stream-wise
diffusion is very small and can be neglected and, there-
fore, the boundary layer approximations are valid.
However, at small Gr, and for given Pr and Dy,
Nu,Gr7'/* is not a constant but increases sharply with
decreasing Gr, in the non-similar region as the stream-
wise diffusion increases.

At low enough Gr,, viscous forces dominate over the
buoyancy forces and the energy equation reduces to a
pure conduction equation in which both Pr and Dy have
no relevance. The results in Fig. 3(a) show this behavior
in which Nu,Gr;"/* becomes independent of Dy at low
Gr,. At the other extreme of large Gr,, Nu,Gr_'/* reaches
asymptotically the self-similar values for each Dy as
indicated by the long-dashed horizontal straight lines.
These self-similar asymptotic values reported by Eich-

e S T
1‘5_- —— Present results |
O  Eichhorn (31)
. L
> 10 B
|
X—x i
o +
3 ]
2t
05F Pr=0.73 !
[ (b)
0.0 PR | PN ') I I T T S T B )
-15 -1.0 -0.5 0.0 0.5 1.0 1.5
N

Fig. 3. Pure natural-convection heat transfer results showing comparison with asymptotic values [31] for Pr = 0.73 and different Dy:
(a) Nusselt number variation with Grashof number, and (b) Nusselt number variation with Dy at large Gr,; non-uniform suction/

injection.
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horn [31] agree perfectly well with the present finite-
volume results at large Gr, as shown in Fig. 3(b). The
results also show that the heat transfer rate increases
with suction and decreases with injection as expected.

The short dashed line drawn in Fig. 3(a) distinguishes
the non-similar natural convection region to the left
(region I) from the self-similar region to the right (region
II) by connecting the critical values of Grashof number
(Gry.) for different Dy. These critical values are calcu-
lated as follows: Gr,. is obtained for a given Dy by
calculating Gr, at which Nu,Gr'/* deviates by 5% from
its self-similar asymptotic value. The results show that
Gr,. decreases with decreasing injection and increasing
suction.

3.2. Heat transfer characteristics for uniform suction

Representative mixed-convection heat transfer char-
acteristics along the plate are shown in Fig. 4(a) and (b)
for Pr=1, B=10"2 and D = —0.02 (solid lines). The
parameter D is defined by Eq. (7a) for the case of uni-
form suction or injection. Heat transfer results are also
shown for each convection mode acting alone in the
absence of the other mode (dashed lines). The computer
program is, thus, run three times: a first time under
mixed convection conditions to produce the mixed
convection results, a second time with the buoyancy
term “‘switched off” to produce the pure forced con-
vection results, and a third time with the buoyancy term
on but with a stationary plate (#, = 0) to produce the
pure natural convection results. For the latter case,
uy, = 0 is used only to suppress the inertia forces of the
plate but not in the definition of v, according to Eq.
(7a). For the pure natural convection case, the suction/
injection parameter (D) is based on a finite (non-zero)
value of u,,. This value of u,, is the same as that used in
the pure forced and mixed convection cases in order to

10 * e
Pr=1, B=10"%, D=-0.02 ]
-———--- Pure natural conv.
——— Pure forced conv.
—— Mixed convection
~10F
o~ F
S F
\ b
\;/ .
o 101;
10 PRI AR TTT B R TTTT AR A7 B ET1TT M AR TITT M ST
10° 107 10 10™° 107* 107 107?

x (m

10™
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compare the heat transfer rates of the different convec-
tion modes.

It is noted that the results plotted in Fig. 4(a) are in
terms of the heat flux variation with distance along the
surface. These dimensional variables are very specific in
nature and their absolute values depend upon the very
specific values assigned to the fluid properties and T,
T, B, uy, etc. Therefore, and in order to generalize these
results, appropriate normalization is needed. However,
the different convection modes considered in the present
problem require some form of transformation. Nor-
mally, Re,, Ri, and Gr, would be the appropriate di-
mensionless numbers representing the dimensionless
distance along the surface for the pure forced, mixed and
pure natural convection modes, respectively. Any par-
ticular location x on the surface corresponds to genuine
values of Re,, Ri, and Gr, through the definitions of
these numbers. Hence, in order to present all results in
dimensionless form on one plot, a decision is made to
choose Ri, to represent a convenient dimensionless dis-
tance along the surface as is done in Fig. 4(b). It is also
noted that the local heat flux is represented more gen-
erally in terms of the local Nusselt number divided by
square root of the local Reynolds number. Besides, the
natural convection results in terms of Nu,Gr['* are
transformed into the form of forced and mixed con-
vection results in terms of Nu,Re;!/? through the defi-
nition of the local Richardson number viz.:
Nu.Re;'* = Nu,Gr*Ri!* (11)
Accordingly, a suitable criterion to delineate the forced,
mixed and natural convection regimes can be used as
will be outlined next.

It is interesting to note that Nu,Re.'/? for the pure
forced convection is equal to that for the pure natural
convection at Ri, ~ 1 (see Fig. 4(b)), where the two

Pr=1, B=10"%, D=-0.02

LALLM L N 2 e AL

------ Pure natural conv.
—== Pure forced conv. A
—— Mixed convection 7
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[ (b)
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10 102 10" 1 __ 10 10® 10° 10*

I

Fig. 4. Heat transfer rate variation along the surface showing results of pure natural, pure forced and mixed convection modes for
Pr=1,B=10"% and D = —0.02: (a) heat flux variation with distance, and (b) Nusselt number variation with Richardson number.
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dashed lines intersect, at which the heat transfer rate is
the same from either mode. For Ri, less than about 1,
the pure forced-convection heat transfer rate is greater
than that of the pure natural convection. For Ri, greater
than about 1, the opposite is true due to heat transfer
enhancement caused by increasing buoyancy forces. It is
also interesting to note how Nu,Re;'/? for the mixed
convection deviates (increases) gradually from the pure
forced convection results at Ri, ~ 0.1 and approaches
asymptotically the natural convection results at Ri, ~
10. Besides, the forced convection results reach asymp-
totically both the natural and mixed convection results
at Ri, > 10% due to the suction effect.

Another interesting feature of the results in Fig. 4(b)
is that Nu,Re;'/? is the same for any convection mode at
low Ri, (Ri, < 3 x 1073). This is attributed to the fact
that diffusion dominates at low Ri, and, hence, the
temperature field is not affected by the velocity field.
Therefore, the heat transfer rate at the plate surface
becomes independent of the convection mode.

A method used by previous investigators to delineate
the mixed convection regime for the Blasius boundary-
layer problem is used in the present study to delineate
the convection regimes for the moving plate problem.
This is based on the “5% criterion”, i.e. on the heat
transfer enhancement due to mixed convection over
either of the pure forced or pure natural convection re-
sults. Therefore, a 5% increase in Nu,Re;!'/? over that of
pure forced convection would mark the critical Rich-
ardson number (Ri, ) that distinguishes the pure forced
convection regime from the mixed convection regime.
Similarly, a 5% increase in Nu,Re; /> over that of pure
natural convection would mark Ri, ., that distinguishes
the pure natural convection regime from the mixed
convection regime. A demonstration of this criterion is
shown in Fig. 4(b). Two circles, ¢l and ¢2, are marked
on the mixed convection line corresponding to Ri,.; and
Ri, ., respectively. Region I represents the forced-con-
vection dominated region, region II represents the mixed
convection region and region III represents the natural-
convection dominated region. This procedure is applied
for different Pr, B and D. Tables and maps showing the
various convection regimes are given later.

With regard to the execution of the 5% criterion, it
was found convenient to adopt the following procedure.
First, multiply values of Nu,Re;'/? for the pure forced
convection case by 1.05 and then plot these results ver-
sus Ri, along with Nu,Re;!/? variation with Ri, for the
mixed convection case. The point of intersection of these
two curves would mark point c¢1; Ri, that corresponds to
this point would be Ri,.;. A similar procedure is done
for point ¢2 and Ri,.,. Critical Richardson numbers
evaluated by using the 5% criterion are compared with
available results by others in Section 3.6.

Referring back to the results at large Ri,, it was
already noted that all the convection modes give the

same heat transfer rate (see Fig. 4(a) and (b)). This
interesting behavior is attributed to the fact that under
the condition of uniform suction and at locations far
downstream from the slot, suction dominates momen-
tum transfer in the boundary layer and an asymptotic
state is reached where the boundary layer thickness
becomes constant. Therefore, the velocity and temper-
ature profiles become independent of the stream-wise
location as will be presented in Section 3.3. Under
these conditions, the energy equation is simplified and
can be solved analytically to give the following exact
solution:

0 = exp(v,7/2) (12)

It is noted that v, must be negative (suction only),
otherwise 6 would be unbounded at large y. Further
analysis yields Stanton number (S¢) as:

St = Nuy/(ReLPr) = h/(puycy) = —vy/uy, (13)

Therefore, at the asymptotic state, the Stanton number
is a constant (= —D) and the heat transfer rate is, hence,
independent of the convection mode.

Similarly, under asymptotic state conditions, the
stream-wise momentum equation is simplified and exact
analytic solutions can be derived for the velocity profiles
and the friction coefficient as:

u=[uy —{gB(Ty — Tc)y}/vu] exp(vwy/v) (14)
Cr = [puwvy, — {ugh(Ty — Too)}/vw]/(ojpufv) (15)

Therefore, at the asymptotic suction state, the stream-
wise velocity is a function of y only and the friction
coefficient attains a constant value. Eqgs. (14) and (15)
are the solutions affected for Pr = 1.

The mixed-convection heat transfer results in terms
of the Stanton number (St,) variation with Ri, are pre-
sented in Fig. 5(a) for Pr=1, B =102 and different
values of D. The long-dashed horizontal straight lines
represent the exact asymptotic suction solutions given
by Eq. (13). It is noted that the case with no suction
(D = 0) does not yield an asymptotic state. The short-
dashed line drawn on the figure distinguishes the as-
ymptotic suction region (region II located to the right)
from the initial region (region I located to the left). This
line connects the critical values of Richardson number
(Ri,3) for different values of D. These critical values are
calculated as follows: Ri,; is obtained for a given D by
calculating Ri, at which Sz, deviates by 5% from its exact
asymptotic suction value. The results show that Ri, .,
i.e. the initial length along the surface before the as-
ymptotic state is reached, increases with decreasing
suction. Also, for a given D, Ri,.; is much greater than
Ri. . Hence, the asymptotic state is reached at a loca-
tion well into the natural-convection dominated region.
For example, Fig. 5(a) gives Ri, 3 ~ 900 for D = —0.02;
this is compared with Ri,» ~ 10 in Fig. 4(b).
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The corresponding results in terms of the friction
coefficient (C;,) variation with Ri, are presented in Fig.
5(b). The dashed horizontal lines represent the exact
asymptotic suction solutions given by Eq. (15). The re-
sults show that the initial length along the surface re-
quired to reach the asymptotic state is longer for the
hydrodynamic characteristics than the thermal charac-
teristics (cf. Fig. 5(a) and (b)). This is especially true at
weaker suction; indeed, for D = —0.01, the asymptotic
state is just about reached for C;, at Ri, ~ 4 x 10%; for
St,, the asymptotic state is reached at Ri, < 2 x 10
More details regarding this point will be given in the
next section. Finally, the agreement between the exact
asymptotic suction values and the finite-volume results
for both Sz, and C;, is excellent. This gives further val-
idation to the numerical model.

3.3. Temperature and velocity distributions

Representative dimensionless temperature profiles at
different stream-wise locations given by Ri, are displayed
in Fig. 6(a)—(d) for Pr = 1, B = 1072 and different values
of D. The exact asymptotic suction profiles given by Eq.
(12) are also shown for comparison at large Ri,. The
profiles extend over a wide range of Ri, starting from the
forced-convection dominated region, covering the entire
mixed convection region, and ending well into the nat-
ural-convection dominated region. It is clear that the
thermal boundary-layer thickness increases with Ri,
throughout the initial length. The temperature gradients
at the surface (y = 0) and, therefore, St, decrease with
increasing Ri, before reaching a constant asymptotic
value as already shown in Fig. 5(a). It is noted that the
transverse dimensionless distance, given by —uvyy/a, is
self adjusted to account for the effect of varying D
through its influence on v, and hence gives the same
asymptotic suction profile regardless of the value of D.

However, the profiles are different throughout the initial
length.

The profiles are given at nine stream-wise locations;
namely, Ri, = 1072, 0.1, 1, 10, 10%, 103, 10*, 2x 10* and
3x 10*. Fig. 6(a), for D = —0.01, shows that the last two
profiles (at Ri, = 2 x 10* and 3 x 10%) collapse practically
on one line and are close to the profile at Ri, = 10%.
Therefore, the asymptotic suction state is reached
somewhere in the range 10* < Ri, <2 x 10*. This is
consistent with the results shown in Fig. 5(a) where Ri, 3
for D= —0.01 is calculated at about 1.4x10* The
thermal boundary layer approaches a constant thickness
at Ri, > 1.4 x 10*. Fig. 6(b), for D = —0.02, shows that
the last three profiles given by Ri, = 10*, 2x10* and
3x10* collapse on a single line and are close to the
profile at Ri, = 103, This is also consistent with the re-
sults in Fig. 5(a) where Ri, . is calculated at about 900.
Again, the boundary layer approaches a constant
thickness at Ri, > 900. Similar remarks can be made on
the results in Fig. 6(c) and (d) for D = —0.05 and —-0.10
where Ri,. are calculated at about 30 and 3, respec-
tively. As to the agreement between the finite-volume
results at large Ri, and the exact asymptotic temperature
profiles, this may be described as excellent.

The corresponding velocity profiles are presented in
Fig. 7(a)-(d). The stream-wise velocity component is
normalized by the plate velocity (U = u/u,) and the
transverse distance y is normalized by the displacement
thickness (—v/vy). Compared to the temperature profiles
in Fig. 6(a)—(d), it is seen that the initial lengths needed
to reach the asymptotic suction state are longer for the
velocity compared to those needed for the temperature.
Indeed, the velocity profiles at Ri, = 2 x 10* and 3x 10*
in Fig. 7(a) fall little short of the asymptotic suction
profile for D = —0.01. This is consistent with the results
shown earlier in Fig. 5(b). Besides, the initial length
decreases with increasing suction. For example, for
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D = —0.10, all velocity profiles collapse on a single line
for Ri, greater than about 10, as shown in Fig. 7(d). The
agreement between the numerical results at large Ri, and
the exact asymptotic velocity profiles given by Eq. (14) is
very good. For the results presented in Fig. 7(a) (weak
suction), the numerical calculations need to be carried
out further downstream (Ri, > 3 x 10%) so that the ve-
locity profiles approach the asymptotic state.

It is noted that U = 1 at the plate surface (y = 0) and
approaches zero (the stagnant ambient condition) at
large y. There is, in general, velocity overshoot (U > 1)
where the fluid velocity exceeds the plate velocity. This
velocity overshoot is due to the buoyancy forces which
increase with Ri,. The maximum velocity in the bound-
ary layer is calculated at about 35 times that of the
moving plate at Ri, = 3 x 10* as shown in Fig. 7(a) for
D = —0.01. The location of the maximum velocity shifts
away from the plate surface with increasing Ri,. The
magnitude of the velocity overshoot decreases with in-
creasing suction and disappears from all profiles for
D = —0.10, as shown in Fig. 7(d). It is also interesting to

note that the velocity gradient at the surface changes
sign due to the velocity overshoot. This has a corre-
sponding effect on the skin friction coefficient presented
in Fig. 5(b) where C, changes from negative to positive
at Ri, ~ 1 to 2. For D = —0.1 and Ri, greater than about
S, Cr, is practically zero. This suggests that the velocity
gradients at the surface are very close to zero, i.e. the
plate and adjacent fluid move at about the same speed.
The blunt shape of the velocity profiles at y = 0 shown
for Ri, = 10 in Fig. 7(d) supports this behavior.
Another interesting feature of the velocity profiles is
the presence of negative values at low Ri, (close to the
extrusion slot). The negative velocities are more clearly
seen in Fig. 7(c) and (d) due to the magnified y-axis. This
indicates the presence of a reverse flow region outside the
boundary layer as a consequence of an adverse pressure
gradient directed toward the slot. The adverse pressure
gradient is created by the action of the moving plate, fluid
entrainment toward the plate surface and the effect of the
side wall (extrusion die). The re-circulation region dis-
appears further downstream with increasing Ri,.
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3.4. Parametric study

The thermal characteristics in terms of Nu,Re;'/?
variations with Ri, are presented in Figs. 8-10 showing
the effects of varying Pr, B and D. Two dashed lines are
drawn on each figure to distinguish between the forced-
convection dominated region (region I), the mixed
convection region (region II) and the natural-convection
dominated region (region III). These dashed lines con-
nect the values of Ri,.; (to distinguish region I from II)
and Ri,, (to distinguish region II from III). Both Ri,
and Ri,, are determined by applying the 5% criterion
explained earlier.

Fig. 8(a)-(c) present the results for B=10"* and
Pr=0.1, 1 and 10, respectively, with D as a varying
parameter in each figure. In general, Nu,Re, 1/2 decreases
with increasing Ri, throughout the forced-convection
dominated region. In the mixed convection region that
follows, Nu,Re;'/? generally levels off and then increases
with Ri, (except when there is a strong injection) as heat
transfer enhancement takes place due to increasing

buoyancy forces. In the natural-convection dominated
region, Nu,Re;'/? increases further with Ri, for suction,
however, it decreases with increasing Ri, for injection.
For a given Ri,, Nu,Re;'/? increases with suction and
decreases with injection. Also, the effect of suction and
injection increases with increasing Ri,.

As for the influence of Prandtl number, the heat
transfer rate increases with Pr as shown in Fig. 8(a)—(c).
It is noted that the heat transfer results become more
sensitive to D as Pr increases. Also, the forced-convec-
tion dominated region extends further downstream with
increasing Pr; the values of Ri,.; are about 0.006, 0.13
and 1.5 for Pr = 0.1, 1 and 10, respectively. These values
are affected slightly by D. On the other hand, the mixed
convection region extends downstream (i.e. Ri,. in-
creases) with decreasing suction or increasing injection
and is much more sensitive to D. It is noted that the
mixed convection region may extend to very low Ri, as
the suction parameter and Prandtl number increase, see
Fig. 8(b) and (c). This is due to the reason that, for these
conditions, the heat transfer rates calculated under the
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pure forced convection conditions are only marginally
lower than those calculated under the mixed convection

1072

1073107 107" 1 10_10* 10° 10* 10°

Ix
Fig. 9. Nusselt number variation with Richardson number for

B =107 and different D: (a) Pr=0.1, (b) Pr=1, and (c)
Pr=10.

conditions so that the 5% criterion overshoots the mixed
convection results and Ri,.; cannot be found. Therefore,
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the forced and mixed convection regions cannot be
separated. Values of Ri, for the various convection re-
gimes are summarized in Table 1. The two critical
Richardson numbers (Ri,.; and Ri. ;) are the lower and
upper limits in the mixed convection range.

The corresponding results for different values of the
buoyancy force parameter are shown in Fig. 9(a)—(c) for
B =102, and in Fig. 10(a)—(c) for B = 1. Similar trends
of variations are obtained for the effects of Pr and D as
those already discussed for B = 10"* in Fig. 8(a)—(c).
However, as B increases the sensitivity of the heat
transfer results to D decreases especially at low values of
Ri, and Pr. For example, the curves for different D
shown in Fig. 10(a) for Pr = 0.1 and B = 1 collapse on a
single line in the forced-convection dominated region
and occupy a relatively very narrow band in the mixed
convection region. This is attributed to two factors;
firstly, the thermal boundary-layer thickness for Pr = 0.1
is much thicker compared to those for P=1 and 10
and, consequently, suction or injection at the plate sur-
face becomes relatively less effective. Secondly, as B in-
creases, the buoyancy forces increase which overshadow
the effect of D. It is also noted that, in general, the
forced-convection dominated region extends further
downstream with increasing B.

For the parameters given in Fig. 10(a), the heat
transfer rates calculated under the mixed convection
conditions are only marginally higher than those calcu-
lated under the pure natural convection conditions so
that the 5% criterion cannot be applied and Ri, ., cannot
be found. Therefore, the mixed and natural convection
regimes cannot be separated. Under such conditions,
one may regard that the mixed convection regime to
extend to very large Ri,.

Values of Ri, for the various convection regimes are
summarized in Tables 2 and 3 for B =102 and 1, re-
spectively.

The corresponding results for the skin-friction coef-
ficient variation with Ri, are presented in Figs. 11 and 12
for different Pr, B and D. The friction coefficient and,
hence, the shear stress at the surface are negative when
the plate velocity is greater than the adjacent fluid ve-
locity. The positive friction coefficient indicates the op-
posite due to velocity overshoot caused by the buoyancy
effect at large Ri,. The zero shear stress does not imply
boundary layer separation but corresponds to equal
plate and adjacent fluid velocities.

Fig. 11(a)—(c) present the results for B = 102 and
Pr=0.1, 1 and 10, respectively. It is noted that the lo-
cations of the vanishing shear stress at the plate move
downstream with increasing Pr. Also, as the suction and
Princrease, the shear stress remains negative throughout
which indicates the absence of velocity overshoot. This is
due to the combined effects of suction and thinning of
the thermal boundary layer (due to increasing Pr) which
reduce the stream-wise velocity and also reduce the
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Table 1

Range of Richardson number (Ri,) for the various convection regimes showing the effect of Pr and D for B = 10~

Pr D Forced convection Mixed convection Natural convection
0.1 -0.10 Ri, < 0.012 0.012<Ri, <0.034 Ri, > 0.034
0.1 —-0.05 Ri, < 0.007 0.007 < Ri, <£0.109 Ri, > 0.109
0.1 -0.02 Ri, < 0.006 0.006 < Ri, <0.397 Ri, > 0.397
0.1 -0.01 Ri, < 0.006 0.006 < Ri, <0.840 Ri, > 0.840
0.1 0.00 Ri, < 0.006 0.006 <Ri, <3.34 Ri, > 3.34
0.1 0.002 Ri, < 0.006 0.006 < Ri, <5.59 Ri, > 5.59
0.1 0.004 Ri, < 0.006 0.006 <Ri, <10.8 Ri, > 10.8
0.1 0.006 Ri, < 0.006 0.006 < Ri, <32.4 Ri, > 32.4
1.0 -0.10 Ri, < % * < Ri, <0.018 Ri, > 0.018
1.0 -0.05 Ri, < x * < Ri, <0.065 Ri, > 0.065
1.0 -0.02 Ri, < % * < Ri, <0.440 Ri, > 0.440
1.0 —-0.01 Ri, < 0.241 0.241 <Ri, <1.63 Ri, > 1.63
1.0 0.00 Ri, < 0.136 0.136 <Ri, <37 Ri, > 37
1.0 0.001 Ri, < 0.131 0.131 <Ri, <76 Ri, > 76
1.0 0.002 Ri, < 0.127 0.127 <Ri, <228 Ri, > 228
1.0 0.003 Ri, < 0.125 0.125<Ri, <1102 Ri, > 1102
10 -0.10 Ri, < % * < Ri, <0.004 Ri, > 0.004
10 -0.05 Ri, < x * < Ri, <0.014 Ri, > 0.014
10 -0.02 Ri, < % * < Ri, <0.083 Ri, > 0.083
10 —-0.01 Ri, < % * < Ri, <0.337 Ri, > 0.337
10 0.00 Ri, < 1.73 1.73<Ri, <374 Ri, > 374
10 0.0002 Ri, < 1.63 1.63 <Ri, <845 Ri, > 845
10 0.0004 Ri, < 1.53 1.53 <Ri, < 1850 Ri, > 1850
10 0.0006 Ri, < 1.45 1.45 < Ri, <3200 Ri, > 3200

xRi, . could not be obtained since the 5% criterion overshot the mixed convection results throughout the whole region.

buoyancy forces. It is interesting to note that the friction
coeflicient is less sensitive to D at low Ri,. Also, the effect
of Pr on the friction coefficient for a given D diminishes
for Ri, < 0.1 since forced convection becomes dominant
and, hence, the hydrodynamics become independent of
the heat transfer.

The results presented in Fig. 11(a) for Pr=0.1
show that suction gives a higher friction coefficient
than injection except over a small region at 1 < Ri, <
2. All curves for different D cross each other and,
therefore, give approximately the same friction coeffi-
cient at 2 < Ri, < 3. This trend is not seen in Fig.
11(b) and (c) (for Pr =1 and 10) where at Ri, > 5 and
when there is a velocity overshoot (C¢, > 0), suction
acts to decrease the friction coefficient while injection
acts to increase it. On the other hand, at low Ri,, the
exact opposite behavior takes place where suction acts
to increase the friction coefficient while injection acts
to decrease it as expected in the forced-convection
dominated region.

Fig. 12(a) and (b) present the skin-friction coefficient
variations for B=10"* and 1, respectively, and for
Pr = 1. These results are complemented by those already
presented in Fig. 11(b) for B = 1072. It is noted that as B
increases, the friction coefficient becomes less sensitive to
D. Indeed, for the range of parameters shown in Fig.

12(b), all the curves for different values of D effectively
collapse on a single line.

3.5. Convection regimes maps

Maps for delineating the forced, mixed and natural
convection regimes are presented as a function of Rey-
nolds and Grashof numbers for Pr = 1, B = 10~ and for
D = -0.10, -0.02, —0.01, 0, 0.01 and 0.02 in Fig. 13(a)-
(), respectively. The mixed convection regime is bound
by the boundaries shown in the figures which are de-
termined from Ri,¢; and Ri,c,. The convection map for
D = —0.10 is characterized by a relatively narrow mixed
convection regime as shown in Fig. 13(a). The mixed
convection regime widens as suction is reduced and in-
jection is increased. It is noted that the forced convec-
tion boundary, and hence Ri,, is less sensitive to D for
D > —0.02 compared to the natural convection bound-
ary, and hence Ri,,. Therefore, the width of the mixed
convection regime is affected most by the location of the
natural convection boundary. These results can also be
realized by reference to Fig. 9(b). In general, for a given
Gr,, the Re, range that identifies the mixed convection
regime increases with decreasing suction and increasing
injection. Likewise, the change from the forced convec-
tion regime to the natural convection regime, for a given
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Range of Richardson number (Ri,) for the various convection regimes showing the effect of Pr and D for B = 1072
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Pr D Forced convection Mixed convection Natural convection
0.1 -0.10 Ri, < 0.107 0.107 < Ri, <0.835 Ri, > 0.835
0.1 -0.05 Ri, < 0.107 0.107<Ri, <1.43 Ri, > 1.43
0.1 -0.02 Ri, < 0.109 0.109 <Ri, <2.25 Ri, >2.25
0.1 -0.01 Ri, <0.110 0.110 < Ri, <2.66 Ri, > 2.66
0.1 0.00 Ri, <0.110 0.110 < Ri, <3.27 Ri, > 3.27
0.1 0.01 Ri, <0.111 0.111 <Ri, <4.13 Ri, > 4.13
0.1 0.02 Ri, <0.112 0.112<Ri, <5.43 Ri, > 5.43
0.1 0.05 Ri, < 0.117 0.117<Ri, <17.7 Ri, > 177
1.0 -0.10 Ri, < 0.245 0.245<Ri, <1.76 Ri, > 1.76
1.0 -0.05 Ri, < 0.142 0.142 < Ri, <4.93 Ri, > 4.93
1.0 -0.02 Ri, <0.118 0.118 <Ri, <13.0 Ri, > 13.0
1.0 -0.01 Ri, <0.112 0.112<Ri, <204 Ri, > 20.4
1.0 0.00 Ri, < 0.107 0.107<Ri, <37.2 Ri, > 372
1.0 0.01 Ri, < 0.103 0.103< Ri, <79.5 Ri, >79.5
1.0 0.02 Ri, < 0.100 0.100 < Ri, <217 Ri, > 217
1.0 0.03 Ri, < 0.096 0.096 < Ri, <1240 Ri, > 1240
10 -0.10 Ri, < % * < Ri, <0.360 Ri, > 0.360
10 -0.05 Ri, < % * <Ri, <141 Ri, > 1.41
10 -0.02 Ri, < % * < Ri, <8.87 Ri, > 8.87
10 -0.01 Ri, < 4.86 4.86 < Ri, <30.6 Ri, > 30.6
10 0.00 Ri, < 1.70 1.70 < Ri, <378 Ri, > 378
10 0.001 Ri, < 1.63 1.63 <Ri, <578 Ri, > 578
10 0.002 Ri, < 1.57 1.57 <Ri, <857 Ri, > 857
10 0.003 Ri, < 1.52 1.52 < Ri, <1233 Ri, > 1233

*Ri, ¢ could not be obtained since the 5% criterion overshot the mixed convection results throughout the whole region.

Re,, occurs over a range of Gr, that increases with de-
creasing suction and increasing injection.

The effect of varying Pr is shown in Fig. 14(a) and (b)
for Pr = 0.1 and 10, respectively, and for B = 1072 and
D = —0.02. These are complemented by Fig. 13(b) for
Pr = 1. The convection map for Pr = 0.1 is characterized
by a relatively narrow mixed convection regime which,
generally, widens with increasing Pr. Under the condi-
tions presented in Fig. 14(b), the 5% criterion overshoots
the mixed convection results. Accordingly, Ri.., cannot
be determined and the forced and mixed convection
regimes cannot be separated. Therefore, one may regard
that the forced convection regime to extend to the nat-
ural convection boundary, or that the mixed convection
regime to extend to low Ri,.

The effect of varying B is shown in Fig. 15(a) and (b)
for B=10"* and 1, respectively, and for Pr=1 and
D = —0.02. These are complemented by Fig. 13(b) for
B = 1072. Under the conditions presented in Fig. 15(a),
the forced and mixed convection regimes cannot be
separated for the same reason given for the results in
Fig. 14(b). By comparing the results in Figs. 13(b) and
15(b), it is noted that for a given Gr,, the Re, range that
identifies the mixed convection regime decreases with
increasing B. Also, the change from the forced con-
vection regime to the natural convection regime, for a
given Re,, occurs over a range of Gr, that increases with

B. Note that the width or height of the mixed convec-
tion band, as it looks on the figure, is not indicative of
the actual range of values because of the logarithmic
scales.

The above results along with other results for dif-
ferent values of Pr, B and D were summarized earlier in
Tables 1-3. The convection regimes maps are useful in
the sense that when Ri, < Ri,.;, natural convection ef-
fects can be ignored; when Ri, > Ri, ., forced convec-
tion effects can be ignored. When Ri,; < Ri, < Ri,, the
problem must be analyzed as a mixed convection situ-
ation. To the author’s best knowledge, convection re-
gimes maps of the moving plate problem (backward
boundary layer) with suction or injection have not been
previously developed.

3.6. Comparison with Blasius-type problem

It is of practical interest to compare the results of the
continuously moving plate in an otherwise stationary
fluid with those of the moving fluid over a stationary
plate. For the latter problem, the boundary conditions
correspond to u =0 at y =0 and u = u,, as y — oo, cf.
Egs. (6) and (9), in which case the situation is simply
transformed from a Sakiadis-type mixed convection
problem to a Blasius-type mixed convection problem.
Fig. 16 shows the critical Richardson number variation
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Table 3

Range of Richardson number (Ri,) for the various convection regimes showing the effect of Pr and D for B =1

Pr D Forced convection Mixed convection Natural convection
0.1 -0.10 Ri, < 2.06 2.06 < Ri, < x%* Ri, > xx
0.1 -0.05 Ri, < 2.07 2.07 <Ri, < *% Ri, > *x
0.1 -0.02 Ri, < 2.08 2.08 <Ri, < x* Ri, > *x
0.1 —-0.01 Ri, < 2.08 2.08 < Ri, < % Ri, > xx
0.1 0.00 Ri, < 2.08 2.08 <Ri, < *x Ri, > xx
0.1 0.01 Ri, < 2.08 2.08 < Ri, < *x Ri, > *x
0.1 0.02 Ri, < 2.09 2.09 <Ri, < % Ri, > *x
0.1 0.05 Ri, < 2.09 2.09 < Ri, < *% Ri, > *x
1.0 -0.10 Ri, < 0.886 0.886 <Ri, <22.5 Ri, >22.5
1.0 -0.05 Ri, < 0.866 0.866 <Ri, <29.2 Ri, >29.2
1.0 -0.02 Ri, < 0.859 0.859 <Ri, <34.5 Ri, > 34.5
1.0 —-0.01 Ri, < 0.855 0.855 <Ri, <36.8 Ri, > 36.8
1.0 0.00 Ri, < 0.854 0.854 <Ri, <39.5 Ri, > 39.5
1.0 0.01 Ri, < 0.852 0.852 < Ri, <419 Ri, > 419
1.0 0.02 Ri, < 0.849 0.849 <Ri, <454 Ri, > 454
1.0 0.05 Ri, < 0.848 0.848 < Ri, <56.2 Ri, > 56.2
10 -0.10 Ri, < 5.45 5.45<Ri, <31.9 Ri, > 31.9
10 -0.05 Ri, <2.12 2.12< Ri, <82.0 Ri, > 82.0
10 -0.02 Ri, < 1.53 1.53<Ri, <182 Ri, > 182
10 —-0.01 Ri, < 1.40 1.40 < Ri, <254 Ri, > 254
10 0.00 Ri, < 1.29 1.29 <Ri, <381 Ri, > 381
10 0.01 Ri, < 1.19 1.19 < Ri, < 586 Ri, > 586
10 0.02 Ri, < 1.14 1.14 <Ri, < 860 Ri, > 860
10 0.05 Ri, < 0.905 0.905 < Ri, <2780 Ri, > 2780

*+Ri, .o could not be obtained since the 5% criterion overshot the mixed convection results throughout the whole region.

with Prandtl number for the two respective problems
calculated for B = 107, The solid lines show the present
results for the moving plate situation and the dashed
lines show the present results for the stationary plate
situation. The lines designated by cl represent Ri, .
(border between forced convection and mixed convec-
tion), and the lines designated by c2 represent Ri..,
(border between mixed convection and natural convec-
tion). It is noted that u,, is the free-stream velocity and
that B and Ri, for the case of the stationary plate are
based on u,.

The present results are also compared with those
calculated by Chen et al. [32], shown as circles in Fig. 16,
and Lloyd and Sparrow [33], shown as squares, for the
stationary plate problem; and those by Ramachandran
et al. [34], shown as triangles, for the moving plate
problem. These results are available only for the special
case of an impermeable plate (D = 0) and all use the
boundary layer approximations. The method of local
similarity was used in [33], whereas the finite difference
method was used in combination with the method of
local non-similarity in [32,34] and the two solutions were
matched with some error at Ri, of 10. Nevertheless,
despite these errors and the approximations inherent in
the numerical solutions, the comparisons show a gen-
erally good agreement with the present results.

As to the comparison between the two classes of
problems with regard to the effect of Pr on the width of
the mixed convection regime (regions between the two
solid lines and the two dashed lines, i.e. distance between
Ri, ¢, and Ri, . for a given Pr), the results presented in
Fig. 16 show an interesting behavior. Firstly, Ri, and
Ri, ., are more sensitive to change in Pr for the moving
plate problem compared to the stationary plate problem.
Secondly, and as a consequence of the first point, the
extent of the mixed convection regime increases signifi-
cantly with increasing Pr for the moving plate problem.
For the stationary plate problem, the width of the mixed
convection regime is generally much narrower for Pr
greater than about 0.3 (note the use of the logarithmic
scales). Further comparisons between the two respective
situations in terms of the heat transfer rate were given in
[26].

4. Conclusions

The heat transfer and friction characteristics along a
continuously moving vertical sheet of extruded material
were studied close to and far downstream from the ex-
trusion slot. Uniform or non-uniform suction/injection
was allowed at the surface. The numerical model, based
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Fig. 11. Skin-friction coefficient variation with Richardson
number for B = 1072 and different D: (a) Pr=0.1, (b) Pr =1,

and (c) Pr = 10.

on a finite-volume procedure, was validated against
published results available under special conditions and
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Fig. 12. Skin-friction coefficient variation with Richardson
number for Pr = 1 and different D: (a) B = 107%, and (b) B = 1.

against exact solutions for asymptotic suction flows, and
the comparisons showed an excellent agreement. Con-
vection regimes have been delineated for different Pr, B
and D. Under the conditions and range of parameters
investigated, the following remarks are made.

(1) At low Ri,, the heat transfer rates by the different
convection modes are equal. This is attributed to
the fact that diffusion dominates over both inertia
and buoyancy in the region close to the extrusion
slot. Little further downstream, the inertia forces
start to show an effect as the stream-wise diffusion
diminishes and, therefore, heat transfer enhance-
ment over that of pure natural convection takes
place. Further downstream, the buoyancy forces
start to have an effect and the heat transfer rate
by mixed convection increases above that by pure
forced convection. At high Ri, and for the case of
uniform suction, the heat transfer rates by the dif-
ferent convection modes become, once again, equal
due to reaching the asymptotic suction state.
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(2) The heat transfer rate drops sharply with distance in
the forced-convection dominated region. The drop
continues downstream but at a lower rate through-
out the mixed and natural convection regions as the

thermal boundary layer thickens. For the case of
uniform suction, asymptotic temperature and ve-
locity profiles are attained far downstream and the
boundary layer thickness becomes constant. The ini-
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tial length required to reach the asymptotic suction
state decreases with increasing suction.

The heat transfer rate increases with increasing Pr, B
and suction and decreases with increasing injection.
At low Ri,, the heat transfer results are less sensi-
tive to Pr and D.

The skin-friction coefficient changes sign when there
is a velocity overshoot due to the effect of buoyancy.
In the forced-convection dominated region, suction
acts to increase the friction coefficient while injec-
tion acts to decrease it. However, the opposite be-
havior can take place in the mixed convection
region depending upon the values of Pr, B and D.
The location of the vanishing shear stress at the
plate moves downstream with increasing Pr, B
and suction.

For the case of non-uniform suction or injection,
critical values of Gr, are determined for different

®)

)

(10)

Dy that distinguish the non-similar pure natural-
convection region from the self-similar region. It
is found that Gr, . decreases with decreasing injec-
tion and increasing suction.

In general, the extent of the mixed convection re-
gime increases with increasing Pr, B and injection,
and decreases with increasing suction.

As a consequence of the last point and for a gi-
ven Re,, the transition from the forced convection
regime to the natural convection regime occurs
over a range of Gr, that increases with increasing
Pr, B and injection, and decreases with increasing
suction.

Comparison of results between the Sakiadis- and
Blasius-type problems shows that the width of the
mixed convection regime is more sensitive to
change in Pr and widens significantly with increas-
ing Pr for the Sakiadis-type problem.
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